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Abstract 

We analyse abelian T-duality for WZW models of simply-connected 
groups. We demonstrate that the dual theory is a certain orbifold 
of the original theory, and check that it is conformally invariant. 
We determine the spectrum of the dual theory, and show that it 
agrees with the spectrum of the original theory. 
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1 Introduction 



Recently there has been a renewed interest in duahty transformations in field theory and string 
theory ^ |18|. These transformations relate the strong coupling region of one theory to 
the weak coupling regime of another theory, the dual theory. The former is typically not 
accessible by perturbation theory, whereas the latter might well be. Duality therefore seems 
to provide a very promising tool for the non-perturbative analysis of field theories and string 
theories. 

The archetypal prototype of this transformation in string theory, is what is now usually referred 
to as T-duality. This is the transformation which exchanges the winding and momentum modes 
of a free boson whose target space is a circle. The transformation also maps the radius R of 
the circle to its inverse, and thus relates phenomena at large and small scales. 
In this paper we want to study a slightly more complicated variation of this transformation in 
detail, a chiral abelian duality transformation of a WZW model. In this context the role of the 
target space circle is played by the Cartan torus of a simple group. This torus is embedded 
in the group in a rather non-trivial fashion, and, as a consequence, the analysis of the duality 
transformation is much more involved. On the other hand, these models are still sufficiently 
simple to allow a detailed analysis. In particular, both the original and the dual theory possess 
infinite dimensional symmetry algebras, and the theories are therefore essentially determined 
by the representation theory of these algebras. For example, it is rather easy to see directly 
that the dual theory is conformally invariant, and the calculation of the spectrum is a fairly 
tractable algebraic problem. 

In the archetypal situation, it was clear how to define the duality transformation from the 
structure of the spectrum of the theory. In the situation at hand, this is not the case, and we 
therefore follow the procedure of Buscher P, [l^ to derive an action for the dual theory from 



the classical action. We then quantise this action, following Witten |2y]. It turns out that 
the dual theory has two commuting infinite dimensional symmetry algebras, a (right-moving) 
untwisted Kac-Moody algebra, and a (left-moving) twisted Kac-Moody algebra, whose (inner) 
twists we determine. As the twist is inner, the twisted algebra is isomorphic to the untwisted 
algebra. 

The classical action has typically more than one quantisation |Tl|, and we want to analyse 
whether there is one such quantisation for which the spectrum of the dual theory reproduces 
the original spectrum. This is a rather non-trivial problem, as the spectrum of a twisted algebra 
typically differs from the spectrum of the corresponding untwisted algebra, even if they are 
related by inner twists and thus isomorphic as algebras. In the case at hand, however, due to 
the rather special form of the twists, such a quantisation may be found. The resulting dual 
theory (which is then equivalent to the original theory) can be naturally interpreted as an 
orbifold of the original theory. 

It should be mentioned that these models have already been considered in |l| (for a review 
see also [§|), where, however, the structure of the dual theory was not analysed in detail. 



Furthermore, in JTsl the global structure of the (target space) group was not properly taken 



into account, and as a consequence, the duality transformation was misidentified with a Weyl 
transformation (see also ISll)- 
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The paper is organised as follows. In section 2, we derive the action for the dual theory, paying 
particular attention to the global properties of the target space group. We then quantise this 
action in section 3, and determine the twist of the left-moving KM algebra. In section 4, we 
construct the quantisation for which the spectrum is preserved, and section 5 contains some 
concluding remarks. 



2 The duality transformation 

Let us consider the WZW action [^, ||, |^ 

Soig] = -^jj^ dzdz Tr (g-'dgg-'dg) + ^ j^d'y e'^^ Tr (g-^d,g g-^d.g g-^d^g) , (2.1) 

where g : M. ^ M. vs, closed two-dimensional manifold, and is a three-dimensional 
manifold with boundary M.. The trace is the Killing form on the algebra g of the Lie group 
G, normalised so that the long roots have length square equal to 2. We shall only consider 
the case where G is simply connected; then the quantisation condition on k is that it is an 
integer. We want to parametrise (70 as 

g, = e^''''-g, (2.2) 

where the sum extends from a = 1 to and the are a basis for a (ri-dimensional) subalgebra 
of a Cartan subalgebra. Here n < r, the rank of the Lie group G, the are allowed to vary 
independently, and g lies in some coset of G. We could also consider the case, where the Cartan 
torus is multiplied from the right, and this would lead to a completely analogous discussion. 
The manifold Ai need not be simply-connected and can in fact be of any genus. Here we shall 
mainly consider the case where is a torus, as this is sufficient for the determination of the 
spectrum. Typically, the fields 6'" have then non-trivial winding, and we denote by A'^6°' the 
monodromy of 6"" along the cycle c, where c = a or c = b, the two non-trivial cycles of the 
torus. The consistency condition is then 

1 " 

— J^A^re^Gi?*, (2.3) 

^ a=l 

where R* is the coroot lattice of the Lie algebra. (If G were not simply- connected, the left- 
hand side of ( p. 3D would only have to be in the coweight lattice.) As the are independent 
variables, this should imply that for each ^" there exists a minimal monodromy A™^" such 
that 

— A™re„ e R* (2.4) 
27r 

is a generating element of the coroot lattice {i.e. no shorter multiple of it is in the coroot 
lattice), and all other monodromies are integer multiples of the minimal one. To simplify 
notation, we shall thus assume that the are roots of the Lie algebra g. Then ( p. 41) is 
equivalent to 



3 



We want to use the Polyakov-Wiegmann property (PW) [0 



So[gi92] = So[gi] + ^o[^2] -^j dzdz Tr [g^'dg, dg^g^^) , (2.6) 



k 

2iT Jm 

to rewrite the action as 



Solgo] =So[g] + — I dzdz d^pdO'^de^ _ A / dzdz J^dO'^ , (2.7) 

477 JM 47r JM 

where 

dap = Tr{eaep) , and Ja = 2i Tr{dgg'^ea) ■ 

It should be noted that this simple form of the (PW) property only holds if A4 is simply- 
connectedi; in general it has to be modified by the inclusion of a topological term involving 
gi and g2 [H, Appendix 2, eq. (10)]. For example, we can calculate the action for gig2, where 
gj = exp{i9^ej) is in the Cartan torus, in two different ways, directly from the action, and 
using the (PW) formula 

S^'''^\9i92] - = / dzdz Tr{e,e2) (Be' 36^ - 89^80') . (2.8) 

47r JM ^ ' 

The difference is a topological term which vanishes for simply-connected world-sheets. If the 
world-sheet has the topology of a torus, however, we can integrate by parts to obtain 

^'''^^[^1^2] - s,\gM = ^^^^g^ {Aw^A^e' - A'^e'A'^e') . (2.9) 

( p.4| ) now implies that this is in tt/cZ, as the Killing form of two elements in the coroot lattice is 
integral, but it is not always in 27rZ. On the other hand, it should be clear that a topological 
term involving e*^""^" and g will not affect the following argument. (Such a term will only 
restrict the allowed monodromies for g — cf. the discussion after ( p.21| ).) 

Originally, the duality transformation was formulated in terms of gauging the action and fixing 
the gauge by introducing Lagrange multipliers. Upon integrating out the Lagrange multipliers, 
the gauge fields are restricted to be fiat, and we can choose the monodromies of the Lagrange 
multipliers, so that the monodromies of the gauge fields lie in a lattice. For compact gauge 
groups we can thus guarantee that the gauge fields are trivial, and the original action can be 
recovered. On the other hand, integrating out the gauge fields leads to a new action in which 
the Lagrange multipliers take the role of the fields whose symmetry was gauged P, |l], |17| . 
It was realised recently that the duality transformation can also (formally) be obtained as 
a certain canonical transformation. In this approach, it is not necessary to gauge the action, 
but the transformation with respect to 6', say, is simply the transformation 

J DO' exp dzdz {d6'8ij' - 89'dtP') \ exp {iSo[go]) , (2.10) 



^The remark in p. 81] is not quite correct. 



4 



where A is an arbitrary constant which parametrises the freedom to rescale ip^. To calculate 
this transformation, we first rewrite the action as 



SoIgq] = So[g] + 



4tt Jm 



dzdz 



dude^ae^ - JiOe^ + ^ [di^oe^de" + d^^de^do' 



a>2 



+ 



47r Jm 



dzdz 



a,/3>2 



a>2 



(2.11) 



We then add the generating functional for the canonical transformation and complete the 
square to obtain 



So[9o] + 



Xk 
An Jm 



dzdz {de^dtfj^ - de^di)^^ 



So[9] + ^ I dzdz du (de' + - ^ + 2^9^'] (de' + - -^dA 

4:71 Jm \ dii dii du J \ du du J 

H / dzdz 

An Jm 



du "11 



+ 



+ 



k 

4tt Jm 



dzdz 



d 



11 



Xdia 

du 



— I dzdz \{ d^p - de-de^ - f j„ - 

An Jm [\ du j V "n / . 



:2.12) 



where a summation over a and /5 from 2 to is implicit. We shift the variable of integration 
without incurring a Jacobian factor, to obtain a purely quadratic term in . Upon integration 
this gives only a constant, and the dual action is therefore 



= So[g] + 



An Jm 



H / dzdz 

An Jm 



+ 



k 
An 
k 

An Jm 



)2 A ^ 

dzdz —dip^d^jj^ — —Jidt/j^ 
du du 

^dal cxna o_ ,1 ^^i^ „ i ^ „ 



dzdz 



du du 

daidip 



dap — 



dla 



d 



11 



(2.13) 



It is believed that the dual theory is conformally invariant, provided that the dilaton is suitably 
transformed ||^. For the example we are considering here, we shall also see this more explicitly 
later. 

If we integrate ( |2.10D by parts, only the boundary term contributes which is, on the torus, of 
the form 

— fA>iA''0i - AV'A^^i) . (2.14) 
An ^ ' 

In the path integral we integrate over all satisfying (|2.4| ) for a = 1. The group G is 
simply-connected, and the different components in the integral, parametrised by the different 
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(allowed) values for should therefore all give the same contribution. As only exp{iS) is 

relevant in the path integral, this implies that the dual action is only non-zero for ip^ satisfying 
(c/. Alvarez et.al. 0) 

^AVA""^^ e 27rZ. (2.15) 

4:71 

Before we start interpreting this dual theory, let us note that the duality transformation can 
be reversed by the inverse transformation 

J Difj^ exp dzdz {d^^ae^ - d^fj^de^)^ exp(i^^) . 

Indeed, completing the square in the sum of the dual action and the generating functional for 
the second transformation, we find 



Xk 



dzdz {dij'de'-dt/j^de^'' 



s,[g] + f dzdz ^(dij' + ^de- - ^ + ^dA ( d^' - - ^bA 

An Jm "n \ A X X J \ a A / 



+ 



An Jm 



dzdz 



dude^de^ - Jid¥] + — f dzdz idi^de^de'' + d^ido'^de^) (2.16) 

-I An Jm ^ ' 



H / dzdz ( d, 

An Jm [\ 



daldl/3 daldij3 

■01/3 ; r 



dii dii J 

which equals the original action. Furthermore, we also have 

Xh 

— A'^^^A'^'^i e 27rZ, 
An 



\ du dii J 



(2.17) 



and thus the periodicity of 6^ is the same as that of 6^, because of ( |2.15| ). 

The term in the second line of (|2.13|) is topological and vanishes on world-sheets with trivial 
topology. Apart from this term we can identify the dual action ( |2.13| ) with the original action 
( p?7|) . Indeed, if we choose (without loss of generahty) X = du, and parametrise the group as 



9o = e 



He 

Va=2 



(2.18) 



where 



Tr{eaei) 

Ca '■= Cq, — — — ei for q; > 2, 



^, ei:=ei, (2.19) 

Tr(eiei) 

then the two actions coincide. However, the minimal monodromy of the field ip^ (for this 
choice of A) 

d^^ 2n , . 

(2.20) 



^ 2AA; k 
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is in general different from the minimal monodromy of 6^ before (|2.5| ). (The monodromy is 
only the same if 9^ is a long root, and k = li.) In general, the dual action therefore does 
not simply correspond to a redefinition of the original fields (or a Weyl transformation as 
advocated by Kiritsis [0), but rather to a certain non-trivial orbifold [0. 
The above topological term guarantees that the monodromy of the other fields is in the coroot 
lattice up to integral multiples of ( ^.201) 1. To see this we write A'^tjj^ = TfA^ip"^ with c = a,b 
and n'^^n^ G Z; the topological term then becomes 



1 " 

- (n"Tr(A''re„ d) - n^Tr(A"re„ d) 



a=2 



(2.21) 



As we calculate the partition function of the theory, i.e. the path-integral of exp(zS'^) over 
the torus, we have to sum over all n°',n'^ e Z. Then ( p.21| ) will imply that only those states 
contribute, whose monodromy satisfies the above condition. This then means that 

the dual action describes the orbifold of the original theory which is induced by the subgroup 
generated by 

/2ni 



exp ( — 



(2.22) 



We should also mention that the precise from for the redefinition of the fields ( |2.19|) is a matter 
of choice: we can integrate the original action (|2.11 ) by parts to rewrite it as 



So[go 



Soig] + — / dzdz Idnde^de^ - Jide^ 

4:71 Jm '- 

k 



+ 



47C Jm 
k 



JM 

dzdz 



J2 ((1 - m„)c/i„9^^9r + (1 + ma)daide^de'' 



a>2 



H / dzdz 

4tc Jm 



a,f3>2 



a>2 



^2.23) 



where G Z and we have ignored the topological terms. We can then do the same analysis as 
before and find that, apart from the new monodromy property ( 2.2CI| ) for the field ip'^ and some 
topological terms, the dual action agrees with the original action, where we have parametrised 



Cry 



[I + ma)Tr{eiea) 
Tr(eiei) 



ei for a > 2, 



d := ei 



(2.24) 



Again, this indicates that the characteristic feature of the duality transformation is the mod- 
ification of the monodromy properties, rather than a redefinition of the fields. 



■^In this case there exists a free field construction for which ei is represented by a free boson ||T^, At least 
in the case of g = su(2), this free field theory is self-dual with respect to the ordinary duality transformation 
of a free boson on a circle . 

^This is automatically true if /c is a multiple of dn, as A'^^" Cq is always in the coroot lattice up to 
k/dii A^V^ei. 
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3 Quantisation of the dual action 

Let us now turn to a more detailed analysis of the dual action ( |2.13| ). To simplify notation, 
let us introduce the fields 

and denote 

daf3 = Tr{ecep) = 2iTr{dgg~^ea) ■ 

The dual action is then, apart from the topological term which does not matter for the following 
discussion, 

S\r,9] = I dzdzTr{g-'dgg''dg) + -^ f d'ye'^'Tr{g~%gg-%gg-'d,g) 

/ dzdz da3 50" 90^ - — j dzdz id(j)''Tr(dgg-^ea) . (3.2) 

4:71 JM 27r JM 

We now calculate the variation of the action with respect to a variation of 0" and g, and find 

SS^ = ^ [ dzdz Tr ( [z(50"e„ + e''^^^^6gg-'e-''^^^^] d (id(j)^efs + e''^^^^ {dgg-^)e-'^^^^ 
zn JM ^ 

(3.3) 

which implies the equation of motion 

dj = 0, (3.4) 

where 

J = {id(j)''ea + e'^'^^{dgg-^)e'''^'^^) . (3.5) 

If we also define 

J = {g-Hdr&a9 + g~'dg) , (3.6) 

then 

Bj = e'^^^^g dj g-^e-''^^^^ , (3.7) 



and thus dJ = is equivalent to ( |3.4| ). It is then clear that the two currents J7{z) and J{z) 



only depend on one of the two variables. In terms of g^ they are simply given as 

J = dgog^^ J = go^dgo , (3.^ 

where 

go = e"^"'-9. 



Following Witten PD[, we want to calculate the Poisson brackets of these currents. It is clear 



that the Poisson bracket of with vanishes, and that the calculation for and is 
essentially identical. Let us introduce 

J'^iz) = Tr (t^'Jiz)) J\z') = Tr (t'j{z')) , (3.9) 
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and likewise 

J\-z) = Tr {ej{-z)) j\-z') = Tr {t'Jiz')) . (3.10) 

We then find 

= Tr (g-^e-''t'"^H"-e'^'^^-g d (g-^iS^'^e^g + g'^5g)) , (3.11) 



and derive, as in the Poisson brackets 

{j\ J'} = -^^'i^ - z')Tr{et') + '^5{z - z')Tr [[t\ t']J{z)) , (3.12) 
and similarly for the bared currents. If we define now 

r{z) = -^Tr (t'^itdrea + e'^''^{dgg-')e~'^''n) = -'^J\z) , (3.13) 

and 

r{z) = ^Tr (e{g-'zdreag + g-'Bg)) = ^J%z) , (3.14) 
then these currents satisfy the Poisson bracket relations, 

{r{z), J\z')} = r'^r{z)6{z - z') + ^6'^'6'{z - z') , (3.15) 

and 

[riz], J\z')] = r'''J%z)6(z - z') + —6'''6'(z - z') , (3.16) 

L J 4-/]- 

where [^^^*] = if^'H'^ and Tr(rt^) = 16"'' . 

Next we want to expand the currents in modes, and in order to be able to do so, we have to 
analyse their monodromy. We can use the fact that the currents can be written in terms of 
5^0 as in (|3^), and that the monodromy of go is go i-^ hpgo, where 

hp = exp (o.ni'qpe^^ with ~ ^ ' (3-17) 

and p is an integer. It is then easy to see that the monodromy of J°'{z) is trivial for each p, as 

J{z) ^ g^%^dhpgo = go'dgo = J{z) , (3.18) 
and we can hence expand J°-{z) in modes 

r{z) = Y.jlC''-\ (3.19) 

nez 

where C = exp(27ri^). Upon quantising the Poisson brackets, the modes then satisfy the 
(untwisted) Kac-Moody (KM) algebra 

\Jl.. Jl\ = ^r'^^n^+n + \km 5"''5m,-n . (3.20) 



For the following it is useful to write this algebra in a different basis, the modified Cartan-Weyl 
basis [|T^]. In this basis the algebra is generated by -ff^, z = 1, . . . r, m G Z, where r is the rank 
of g, and ra G Z, where a parametrises the roots. The commutation relations are given as 
(see for example 



[Ei,,E:] = a^E^ 



m+n 



e{a, if a + /3 is a root, 

2 



a ■ Em+n + km 5m -n) if « = 
otherwise. 



(3.21) 



[k,E:] = [k,Ei,] = 0. 

Let us now turn to the mode expansion of the other current. Using the same reasoning as 
above, we see that the monodromy of J^{z) is given by 

J{z) ^ d{hpg)g'%^ = hp J{z) h;' . (3.22) 

If we write the various components of J°'{z) in the modified Cartan-Weyl basis of the Lie 
algebra (corresponding to the above basis of the KM algebra), the adjoint action of hp is 
diagonal. For each sector described by the monodromy hp, we can then expand the currents 

j\z) = J2KC"-\ J"(^)= E KC""-' (3.23) 

where ( = exp{27iiz), Xp = Vp^ii ^'^^i to follow more conventional notation, (-, ■) denotes the 
Killing form. Upon quantisation, these modes satisfy formally the same commutation relations 
as ( ^.21j ), but the indices m are not all integral. This algebra is called the twisted KM algebra; 
the twist is inner and is given by ( |3.17|) . 

We thus find that the dual model has various sectors which are parametrised by the monodromy 
of the field 0^. In each sector, the theory has two commuting infinite-dimensional symmetry 
algebras: the untwisted (right-moving) KM algebra and the twisted (left-moving) KM 
algebra El,E^. 

It is then clear, that the space of states is of the form 

= (BpHl , (3.24) 

where p denotes the different sectors, and each is a subspace of 

nlcH^P^(^n, (3.25) 

where Ti. and 7^^^^ are the direct sums of all (irreducible) representations of the untwisted and 
the twisted KM algebra (with the twist corresponding to hp), respectively. In general, we 
expect there to be different quantisations, which correspond to different (consistent) choices 
for the spaces 7i^, cf. |Tl|. However, as we shall show in the next section, there exists one 
quantisation for which the spectrum of the dual theory coincides with the original one, and 
this suggests that this theory is indeed equivalent to the original theory. 
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4 Representations of the twisted Kac-Moody algebra 



We now want to analyse the representation theory of the twisted KM algebra. The crucial 
property which will allow us to do this rather easily is the fact that the above twisted KM 
algebra is isomorphic to the untwisted algebra. This isomorphism is explicitly known, and can 
be defined as 

^{PJ = W^ + kx'^Snfl, (4.1) 

where H^^, are the generators of the twisted KM algebra corresponding to the p-th sector, 
and In,F^ are the generators of the untwisted KM algebra [jl4|- It is also clear, that the 
inverse exists, and that it is given by 

^-\H\) = r^-kx;s„,o. (4.2) 

In particular, this implies that the representations of the twisted and the untwisted KM algebra 
are in one-to-one correspondence. We shall therefore denote the states in the corresponding 
representation spaces by the same symbol. 
The untwisted KM algebra contains a Virasoro algebra 

[Lm, Ln] = (m - n)Lm+n + —m{m^ - l)5.m+n,0 (4.3) 

in its universal enveloping algebra by virtue of the Sugawara construction, where the generators 
of the Virasoro algebra are given as 

Zfi, -|- ^/^ \^^^-^ ^ Z J 

Here is the quadratic Casimir in the adjoint representation, : ■ : denotes the usual normal 
ordering (see e.g. ^^), and 

kdimg 

c = -; 7T- • (4-5) 

These generators are the modes of the stress-energy tensor, as 

[Lm, ^n] ~ ~^-^m+n \Lm-, \ = —uF^^^. (4-6) 

Using the above isomorphism, it is then clear that the (f{Ln) satisfy a Virasoro algebra with 
the same central charge, but that they are not quite the mode expansion of the stress-energy 
tensor as 

MLJ,E:] = -(n-(xp,a))E°+„ 
[ip{L^), Hl^] = -nW^^^ -knxlSm+nfi ■ 
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However, it is easy to see how to modify this by defining (c./. for example 0) 

= x;c + 1^ x;x;5^,o) . (4.7) 

Then the define a Virasoro algebra with the same central charge as before, and 

[L^Z\ K] = -nE^^+n [L^^\ K] = -nHl^^ . (4.8) 

In particular, this implies that the dual theory is a conformal field theory, as the theory 
contains a conformal stress-energy tensor. 

We now want to analyse whether there exists a subspace for each sector (labelled by p), 
so that the spectrum of the dual theory is the same as the original one. We observe that if we 
consider in the p-th sector only states which satisfy 

o 

(ei -Ho) ^ = -p^, (4.9) 



(ei,ei) 

then 



2 

'ei ■ /o) fi = Pfi, (4.10) 



(ei,ei) 
and 

L^^^fi = Lofi, (4.11) 



as 

{-iXp■Io) + lkxi)^^ = f (- ■ ^o) + ^^p) /X 

= ^%^(-p + J>)/i = 0. (4.12) 

This is not yet a complete solution, as we should restrict p to lie in 0, 1, ... , — 1, since 
the monodromy hp corresponding to p and p + , , is the same. (The coroot 2ei/ (ei, ei) is 
mapped to the unit element of the group under the exponential map.) On the other hand, 
in the spirit of orbifold constructions |]^, we should expect that the states in each sector are 
characterised by their transformation property under the group of monodromies \hp\- We 
should therefore consider in the p-th sector all states which satisfy 

2 ( 2km \ 

(ei-/7o) ^^ = -[v+-, r (4-13) 

(ei,ei) V (ei,ei)y 

where m & Z. Then we find that 

' r^ ( '2km\ 

ei- lo) 11= \p- -U, (4.14) 



(ei,ei) \_ (ei,ei) 

12 



and 



(4.15) 

To see that the spectrum of Lq is really the same, let us now recall that the affine Weyl group 
contains the subgroup of coroot translations, which act on the generators as [l^ 



^ Pic) ■=H~kd5. 



m,0 



n—{a,c) 



I > Lmic) '. — Lr 



where c is a coroot. If we apply this transformation with 

2 



(ei,ei) 

to the above state, satisfying ( [4.14| ), we find that 

2 



mei 



(ei,ei) 



(ei - hie)) ii=\p + 



2 km 
(ei,ei). 



and 



Lo(c) fx 



2 1 
Lq + — — —m (ei ■ Jo) + -k 



(ei,ei) 
Lo + m [p - 



2km 

(ei,ei), 



+ km 



2 (ei,ei) 
2 



(ei,ei) 



m j fx 



= Lq n + pm n . 

This is precisely the right-hand-side of ( [4.15|) . We can thus define to be the span 



HI 



(ei,ei) 



(ei ■ Jo) /i = \ p + 



2km 

(ei,ei), 



11] m e Z,i e R{g) 



(4.16) 



(4.17) 



(4.18) 



(4.19) 



(4.20) 



where R{g) is the set of irreducible highest weight representations of the KM algebra g, and /i is 
to be regarded as an element of the twisted representation space by virtue of the isomorphism 
JTI). This gives rise to the consistent theory 



n 



dual 



(ei,ei> 

e K 

p=0 



(4.21) 



as the definition respects the multiplicative structure of the field theory, i. e. the fusion product 
of states in 7i^^ and Ti^^ li^s in TC^, where p = Pi + P2 mod 2fc/(ei,ei). It is clear by 
construction, that this dual theory has the same spectrum as the original theory. 
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5 Conclusions 



We have analysed the (left-)chiral abehan duahty transformation of a WZW model corre- 
sponding to a simple, simply-connected group. We have shown that the dual theory possesses 
two infinite dimensional symmetry algebras, a (right-moving) untwisted, and a (left-moving) 
twisted KM algebra. We have analysed the spectrum of this theory, and have shown that 
there exists a quantisation for which the spectrum of the original theory is recovered. This 
dual theory can naturally be interpreted as an orbifold [0] of the original model induced by 
the twists ( p.l7|) . 

It would be interesting to do a similar analysis for various, more general cases: (i) the case, 
where the field 6^ with respect to which the transformation is performed is not purely left (or 
right) moving, and (ii) the case, where the fields span an arbitrary, not necessarily abelian 
subgroup of the target space group. (This latter case is usually referred to as non-abehan 
duality i.) 

It would also be interesting to understand which modifications arise if the target space group 
is not simply-connected. 
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